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p(z, x) = p(z)p(x∣z) x z

p(z∣x) =
p(x)

p(z)p(x∣z)

p(x) = p(z)p(x∣z)dz∫



Variational inference





Problem statement

Q

z q ∈ Q

p(z∣x)

q = arg KL(p(z∣x)∣∣q(z)),∗

q∈Q
min

KL(p(z∣x)∣∣q(z))



KL(p(z∣x)∣∣q(z)) = E logp(z∣x) [
q(z)

p(z∣x)]
p(z∣x)

KL(q(z)∣∣p(z∣x)) = E logq(z) [
p(z∣x)
q(z) ]

q(z)





Evidence lower bound (ELBO)

KL(q(z)∣∣p(z∣x)) = E logq(z) [
p(z∣x)
q(z) ]

= E log q(z) − E log p(z∣x)q(z) [ ] q(z) [ ]

= E log q(z) − E log p(z, x) + log p(x)q(z) [ ] q(z) [ ]

= E log + log p(x)q(z) [
p(z, x)

q(z) ]
= −L(q) + log p(x),

L(q) = E logq(z) [
q(z)

p(z,x) ]



Mean-�eld variational inference

z = (z , … , z )1 m

q(z) = q (z ).
j=1

∏
m

j j



Coordinate ascent variational inference (CAVI)

q (z )j j q (z )j j

q (z )j
∗

j

q (z ) ∝ exp E log p(z, x) ,j
∗

j ( q (z )−j −j
[ ])

z−j zj q (z )−j −j

q (z )j j



L(q) = E log p(z, x) − log q(z)q(z) [ ]

= E log p(z, x) − E [log q (z )].q(z) [ ]
j=1

∑
m

q (z )j j j j

j

L(q )j = E E log p(z, x) − E [log q (z )] + const,q (z )j j
[ q (z )−j −j

[ ]] q (z )j j j j

q (z )j j

λ

L(q , λ) = L(q ) − λ q (z )dz − 1j j (∫ j j j )
q (z )j j 1



L(q , λ)j q (z )j j

δq (z )j j

δL(q , λ)j

= − λ q (z )dz − 1
δq (z )j j

δL(q )j

δq (z )j j

δ (∫ j j j )
= − λ

δq (z )j j

δL(q )j

= E E log p(z, x) − E [log q (z )] − λ
δq (z )j j

δ
( q (z )j j

[ q (z )−j −j
[ ]] q (z )j j j j )

= q (z )E log p(z, x) dz − q (z ) log q (z )dz − λ
δq (z )j j

δ (∫ j j q (z )−j −j
[ ] j ∫ j j j j j)

= E log p(z, x) − log q (z ) − 1 − λ.q (z )−j −j
[ ] j j

log q (z ) = E log p(z, x) + const,j
∗

j q (z )−j −j
[ ]

−1 − λ q (z )j
∗

j 1



q (z ) ∝ exp E log p(z, x) .j
∗

j ( q (z )−j −j
[ ])

q (z )j j



Example: Matrix factorization

R ∈ RN×M Rij

i j N M

R



Rij

u ∼ N (0, σ I),i u
2

v ∼ N (0, σ I),j v
2

R ∣u , v ∼ N (u v , σ ),ij i j i
T

j
2

u ∈ Ri
K v ∈ Rj

K i j

σ2

p({u }, {v }∣R)i j



q({u }, {v }) = q(u ) q(v ).i j

i=1

∏
N

i

j=1

∏
M

j

q(u ) = N (u ∣μ , Σ ),i i ui ui

q(v ) = N (v ∣μ , Σ ).j j vj vj



q ({u }, {v })−ui i′ j q(u )i

q (u ) ∝ exp E log p({u }, {v }, R) .∗
i ( q−ui

[ i j ])

log p(u , v , R)i j = log p(u ) + log p(v ) + log p(R ∣u , v )
i=1

∑
N

i

j=1

∑
M

j

(i,j)∈O

∑ ij i j

= log p(u ) + log p(R ∣u , v ) + const w.r.t. ui

j∈Oi

∑ ij i j i

= − ∣u ∣ − (R − u v ) + const
2σu

2

1
i

2

2σ2

1

j∈Oi

∑ ij i
T

j
2

O (i, j) O = {j : (i, j) ∈ O}i



q−ui

E [log p(u , v , R)]q−ui
i j = − ∣u ∣ − E (R − u v ) + const.

2σu
2

1
i

2

2σ2

1

j∈Oi

∑ q(v )j
[ ij i

T
j

2]

E (R − u v )q(v )j
[ ij i

T
j

2] = R − 2R u μ + u (μ μ + Σ )u ,ij
2

ij i
T

vj i
T

vj vj

T
vj i

μvj
Σvj

q(v )j



Rij
2

E [log p(u , v , R)]q−ui
i j

= − ∣u ∣ − −2R u μ + u (μ μ + Σ )u + const.
2σu

2

1
i

2

2σ2

1

j∈Oi

∑ [ ij i
T

vj i
T

vj vj

T
vj i]

ui

E [log p(u , v , R)]q−ui
i j

= − u I + (μ μ + Σ ) u + u R μ + const.
2
1

i
T ⎣

⎡
σu

2

1
σ2

1

j∈Oi

∑ vj vj

T
vj ⎦

⎤
i i

T ⎣
⎡

σ2

1

j∈Oi

∑ ij vj ⎦
⎤



ui

Σui

μui

= I + (μ μ + Σ ) ,⎣
⎡

σu
2

1
σ2

1

j∈Oi

∑ vj vj

T
vj ⎦

⎤−1

= Σ R μ .ui ⎣
⎡

σ2

1

j∈Oi

∑ ij vj ⎦
⎤

q(v )j

Σvj

μvj

= I + (μ μ + Σ ) ,⎣
⎡

σv
2

1
σ2

1

i∈Oj

∑ ui ui

T
ui ⎦

⎤−1

= Σ R μ ,vj ⎣
⎡

σ2

1

i∈Oj

∑ ij ui ⎦
⎤

O = {i : (i, j) ∈ O}j



• 

• 

◦ 

◦ 

{μ , Σ }ui ui
{μ , Σ }vj vj

i = 1, … , N Σui
μui

j = 1, … , M Σvj
μvj



nb08-cavi.ipynb







Strengths and weaknesses

• 

• 

• 



Automatic differentiation variational inference (ADVI)



z

T : supp(z) → R ,m

ζ = T (z) Rm

p(ζ, x) = p(T (ζ), x) det J (ζ) ,−1 ∣ T −1 ∣

J (ζ) =T −1
dζ

dT (ζ)−1

―



• 

• 

q(ζ; ϕ)
ϕ

q(ζ; ϕ) = N (ζ∣μ, diag(σ )) = N (ζ ∣μ , σ )2 ∏i=1
m

i i i
2

ϕ = (μ ∈ R , σ ∈ R )m m

q(ζ; ϕ) = N (ζ∣μ, Σ = LL )T

ϕ = (μ ∈ R , L ∈ R )m m(m+1)/2 L Σ

―



ϕ

L(ϕ) = E log p(T (ζ), x) + log det J (ζ) − log q(ζ; ϕ) .q(ζ;ϕ) [ −1 ∣ T −1 ∣ ]



ϕ

q(ζ; ϕ)
ϕ

ζ = g(ϵ; ϕ) ϵ ∼ p(ϵ)

L(ϕ) = E log p(T (g(ϵ; ϕ)), x) + log det J (g(ϵ; ϕ)) − log q(g(ϵ; ϕ); ϕ) .p(ϵ) [ −1 ∣ T −1 ∣ ]

ζ = μ + Lϵ L

Σ ϵ ∼ N (0, I)

―



ϕ

∇ L(ϕ)ϕ

≈ ∇ log p(T (g(ϵ ; ϕ)), x) + log det J (g(ϵ ; ϕ)) − log q(g(ϵ ; ϕ); ϕ)
B

1

i=1

∑
B

ϕ [ −1
i ∣ T −1 i ∣ i ]

ϵ ∼ p(ϵ)i

ϕ



Example: The Pitcher's example (from Lecture 1)

nb08-advi.ipynb



Strengths and weaknesses

• 

• 

• 

• 



Amortized variational inference



x N

d = {x , … , x }1 N



Amortized variational inference

xi

q(z∣x )i

q(z∣x )i

q(z∣f(x ; φ)),i

f(x; φ) φ x

z



φ

φ = arg E KL(p(z∣x)∣∣q(z∣f(x; φ))) .∗
φ

min p(x) [ ]



p(z, x)

E KL(p(z∣x)∣∣q(z∣f(x; φ)))p(x) [ ] = E E logp(x) [ p(z∣x) [
q(z∣f(x; φ))

p(z∣x) ]]
= E logp(x,z) [

q(z∣f(x; φ))
p(z∣x) ]

= −E log q(z∣f(x; φ)) + const.p(x,z) [ ]



Neural posterior estimation (NPE)

―



• 

• 

q(z∣f(x; φ))
f(x; φ)

x

q(z∣f(x; φ); ϕ)
ϕ f(x; φ)

x



p(z, x)
z ∼ p(z) x ∼ p(x∣z)

φ ϕ

φ , ϕ∗ ∗ = arg E log q(z∣f(x; φ); ϕ) .
φ,ϕ

max p(x,z) [ ]



Strengths and weaknesses

• 

• 

• 

p(z, x)



Simulation-based inference

p(x∣z) p(x∣θ)
p(z, x) p(θ, x)



• 

• 

• 

q(x∣θ; ϕ) p(θ, x)

r(x, θ; ϕ) =
p(x)

p(x∣θ)
p(θ, x)

s(θ∣x; ϕ) = ∇ log p(θ∣x; ϕ)θ p(θ, x)



Examples and case studies



Exoplanet atmosphere characterization

―





p(θ∣x) θ

(θ, x)

―



―



Representation learning for cytometry data





p (x, z, c)θ,β,π

p (c)π

p (z∣c)β

p (x∣z)θ

= p (x∣z)p (z∣c)p (c),θ β π

= Categorical(c∣π),

= N (z∣μ (c), diag(σ (c))),β β
2

= N (x∣μ (z), diag(σ (z))),θ θ
2

x z

c

μ (z)θ σ (z)θ
2 μ (c)β

σ (c)β
2







Change of variables

p(z) R3 x = f(z) = 2z

p(x) = p(x = f(z)) = p(z) = p(z) ,
Vx

Vz

8
1

= det8
1

∣
∣
∣
∣
∣
∣

⎝
⎛2

0
0

0
2
0

0
0
2⎠
⎞

∣
∣
∣
∣
∣
∣−1

f



f

―



Change of variables theorem

• 

• 

f

J (z)f x = f(z)
z

p(x = f(z)) = p(z) det J (z) .∣ f ∣−1

g = f −1

p(x) = p(z = g(x)) det J (x) .∣ g ∣



Normalizing �ows

fk

p0 pK fk

x

log p(x) = log p(z ) − log det J (z ) .0

k=1

∑
K

∣ fk k−1 ∣


