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E [f(x)]p(x) f(x)p(x)dx∫

p(z ∣ x)



Markov chain Monte Carlo
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Markov chains
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t p(x ∣ x ) = p(x ∣ x)t+1 t
′
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Example: Gaussian random walk

p(x ) = N (x ∣0, 1)1 1

p(x ∣ x ) = N (x ∣x , σ )t+1 t t+1 t
2



Stationary distributions

π

π(x) p(x ∣ x)′

π(x ) = π(x)p(x ∣ x)dx.′ ∫ ′

x ∼ π(x)t x ∼ π(x)t+1



Example: Gaussian random walk (continued)



Example: Gaussian random walk with drift

p(x ) = N (x ∣0, 1)1 1

p(x ∣ x ) = N (x ∣x − κ(x − μ), σ )t+1 t t+1 t t
2



π(x) = N (x∣μ, )2κ−κ2
σ2



Regularity conditions
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x′ x x x′

t p(x = x ∣ x = x) > 0t
′

1

x

{t : p(x = x ∣ x = x) > 0}t 1
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Basic limit theorem for Markov chains
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π

p(x )1 p(x ) → π(x)t t → ∞

f E [∣f(x)∣] < ∞π

f(x ) = E [f(x)]
T →∞
lim

T

1

t=1

∑
T

t π





Detailed balance

p(x ∣ x)′

π

π(x)p(x ∣ x) = π(x )p(x ∣ x )′ ′ ′

x x′



p(x ∣ x)′

π π p(x ∣ x)′

x

π(x)p(x ∣ x)dx∫ ′ = π(x )p(x ∣ x )dx∫ ′ ′

= π(x ) p(x ∣ x )dx′ ∫ ′

= π(x ).′





Metropolis-Hastings

π(x) (x)π~

π(x)



xt x ∼ q(x ∣ x )′ ′
t

q(x ∣ x )′
t

α(x ∣ x ) = min , 1 .′
t (

(x )q(x ∣ x )π~ t
′

t

(x )q(x ∣ x )π~ ′
t

′ )
x′ α(x ∣ x )′

t

x = xt+1
′ x = xt+1 t

x , x , …1 2



π(x)

p(x ∣ x) =′ {q(x ∣ x)α(x ∣ x)′ ′

r(x)
if x ≠ x,′

if x = x,′

r(x) = 1 − q(x ∣ x)α(x ∣ x)dx∫ ′ ′ ′



π(x)
x ≠ x′

(x)p(x ∣ x)π~ ′ = (x)q(x ∣ x)α(x ∣ x)π~ ′ ′

= (x)q(x ∣ x) min , 1π~ ′ (
(x)q(x ∣ x)π~ ′

(x )q(x ∣ x )π~ ′ ′ )
= min( (x)q(x ∣ x), (x )q(x ∣ x ))π~ ′ π~ ′ ′

= (x )q(x ∣ x ) min , 1π~ ′ ′ (
(x )q(x ∣ x )π~ ′ ′

(x)q(x ∣ x)π~ ′ )
= (x )p(x ∣ x ).π~ ′ ′

π(x) =
Z

(x)π~
Z

π(x) π(x)

x = x′
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p(x∣x) > 0

q x, x′

π(x), π(x ) > 0′

π

π(x)



Proposal distributions
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q(x ∣ x)′

q(x ∣ x) = N (x ∣x, σ I)′ ′ 2

σ

q(x ∣ x) = N (x ∣x + ∇ log (x), ϵ I)′ ′
2
ϵ2

π~ 2

(x)π~

q(x ∣ x) = q(x )′ ′

q(x )′ π(x)



Beyond Metropolis-Hastings
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∇ log π(x)
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Bayesian inference with MCMC



Bayesian inference with MCMC

p(z, θ ∣ x) =
p(x)

p(x ∣ z, θ)p(z, θ)

z θ x

p(x) = p(x ∣ z, θ)p(z, θ)dzdθ∫



p(z, θ ∣ x) p(x)

p~

p(x, z, θ) = p(x ∣ z, θ)p(z, θ)
p(x)



Example: Bayesian linear regression

N x = {(x , y )}i i i=1
N x ∈ Ri

d

y ∈ Ri



y x

p(y ∣ x, w, log σ)p(w)p(log σ),

p(y ∣ x, w, log σ) = N (y ∣ w x, σ )T 2

p(w) = N (w ∣ 0, τ I)1
2 w p(log σ) = N (log σ ∣ 0, τ )2

2

τ , τ1 2



p(w, log σ ∣ {x , y } )i i i=1
N

p({y } ∣ {x } , w, log σ)p(w)p(log σ)i i=1
N

i i=1
N

= p(y ∣ x , w, log σ) p(w)p(log σ).(
i=1

∏
N

i i )



w0 w1 log σ





p(y ∣ x, {x , y } )i i i=1
N



Diagnostics for MCMC
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Acceptance rate
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Effective Sample Size

ESS =
1 + 2 ρ∑k=1

∞
k

T

T

ρ =k Var(X )t

Cov(X , X )t t+k

k



Integrated Autocorrelation Time

τ = 1 + 2 ρint

k=1

∑
∞

k

τint

ESS =
τint

T



Gelman-Rubin Statistic

R̂
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