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Probabilistic modeling of data



• 

• 

f ω

x

f : Ω → X ,

Ω

X

ω ∈ Ω x = f(ω) ∈ X



Ω p

x = f(ω) p

x ∼ p (x) = p(ω)δ(x − f(ω))dω,r ∫
ω∈Ω

δ

p (x)r r



P = {p(x ∣ θ) : θ ∈ Θ},

p(x ∣ θ) X θ Θ



p(x ∣ θ) p (x)r

θ



• 

• 

• 

p(x ∣ μ, σ ) = N (x ∣ μ, σ ),2 2

θ = (μ, σ )2 μ ∈ R σ > 02

μ

σ2





Frequentist inference

θ

xobs

θ∗

x ∼ p(x ∣ θ ).obs
∗

θ̂ θ∗



Bayesian inference

• 

• 

θ

p(θ)

p(x, θ) = p(x ∣ θ)p(θ),

p(x ∣ θ)

p(θ)



xobs

p(θ ∣ x ) = .obs
p(x )obs

p(x ∣ θ)p(θ)obs



Prior predictive checks

p(x∣θ) p(θ)



p(x) = p(x∣θ)p(θ)dθ.∫



p(μ, σ )2

p(x∣μ, σ )2

= N (μ∣5000, 2000 ) × Uniform(σ ∣0, 100)2 2

= N (x∣μ, σ )2



Latent variable models



Joint distribution

z x

θ

p(x, z, θ) = p(x ∣ z, θ)p(z ∣ θ)p(θ),

x z θ



N {x , … , x }1 N

p(x , z , θ) = p(x ∣ z , θ)p(z ∣ θ) p(θ),1:N 1:N (
i=1

∏
N

i i i )
zi xi

xi

zi

θ



Graphical model representation



p(x , z , θ) = p(x ∣ z )p(z ∣ θ) p(θ)1:3 1:3 (
n=1

∏
3

n n n )





Hyperparameters

α, β, …
1

p(θ ∣ α),

p(z ∣ θ, β).

―





Inference

xobs

p(z, θ ∣ x ) = .obs
p(x )obs

p(x ∣ z, θ)p(z ∣ θ)p(θ)obs

p(x ∣ x ) = p(x ∣ z, θ)p(z, θ ∣ x )dzdθ.new obs ∬ new obs



Example 1: (Probabilistic) PCA

x ∈ Ri
d

z ∈ Ri
m



• 

• 

p(z, x∣B, μ, σ )2 p(z)p(x∣z, B, μ, σ )2

p(z) = N (z∣0, I)

p(x∣z, B, μ, σ ) = N (x∣Bz + μ, σ I)2 2

B ∈ Rd×m μ ∈ Rd

σ2

p(z, x∣B, μ, σ ) = N ∣ , .2 ([z

x
] [0

μ
] [ I

B

BT

BB + σ IT 2 ])



• 

• 

p(z∣x, B, μ, σ )2

p(z∣x, B, μ, σ ) = N (z∣m, C),2

m = B (BB + σ I) (x − μ)T T 2 −1

C = I − B (BB + σ I) BT T 2 −1



• 

• 

σ → 02

m = B (BB + σ I) (x − μ) → B (BB ) (x − μ)T T 2 −1 T T −1

B B (BB ) = BT T −1 T m → B (x − μ)T

x

B

C = I − B (BB + σ I) B → I − B (BB ) BT T 2 −1 T T −1

B B B = IT C → 0



B, μ, σ2 x1:N

( , , ) = arg p(x ∣B, μ, σ ),B̂ μ̂ σ̂2

B,μ,σ2
max

i=1

∏
N

i
2

p(x∣B, μ, σ ) = p(x∣z, B, μ, σ )p(z)dz2 ∫ 2

p(x∣B, μ, σ ) = N (x∣μ, BB + σ I).2 T 2



• 

• 

• 

BB + σ I = ΣT 2

( , , )B̂ μ̂ σ̂2 = arg N (x ∣μ, Σ)
B,μ,σ2
max

i=1

∏
N

i

= arg (x − μ) Σ (x − μ) + N log ∣Σ∣
B,μ,σ2
min

i=1

∑
N

i
T −1

i

= arg Ntr(Σ S) + N log ∣Σ∣,
B,μ,σ2
min −1

S = (x − μ)(x − μ)
N
1 ∑i=1

N
i i

T

= xμ̂
N
1 ∑i=1

N
i

= U (Λ − I) RB̂ m m σ̂2 1/2 Um m S Λm

R

= λσ̂2
d−m

1 ∑j=m+1
d

j λj S





• 

• 

• 



Example 2: Mixture models



• 

• 

• 

• 

• 

K x ∈ Ri
d

z ∈ {1, … , K}i

xi

p(θ, z , x , μ , σ ∣α, σ , σ )1:N 1:N 1:K 1:K
2

μ
2

σ
2

p(θ∣α) p(μ ∣σ )p(σ ∣σ ) p(z ∣θ)p(x ∣z , μ , σ ),
k=1

∏
K

k μ
2

k
2

σ
2

i=1

∏
N

i i i zi zi

2

p(θ∣α) = Dirichlet(α)

p(μ ∣σ ) = N (0, σ I)k μ
2

μ
2

p(σ ∣σ ) = Lognormal(0, σ )k
2

σ
2

σ
2

p(z ∣θ) = Categorical(θ)i

p(x ∣z , μ , σ ) = N (μ , σ I)i i zi zi

2
zi zi

2



p(θ, z , μ , σ ∣x , α, σ , σ )1:N 1:K 1:K
2

1:N μ
2

σ
2

zi





Example 3: Mixed membership models
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Cheat sheet for Gaussian models (Särkkä, 2013)

x y

p = N , ,(x
y) ((x

y)
∣
∣
∣
∣ (a

b) ( A
CT

C
B))

x y

p(x)

p(y)

p(x∣y)

p(y∣x)

= N (x∣a, A)

= N (y∣b, B)

= N (x∣a + CB (y − b), A − CB C )−1 −1 T

= N (y∣b + C A (x − a), B − C A C).T −1 T −1



x y

p(x)

p(y∣x)

= N (x∣m, P)

= N (y∣Hx + u, R),

x y

p = N , .(x
y) ((x

y)
∣
∣
∣
∣ ( m

Hm + u) ( P
HP

PHT

HPH + RT ))


